Abstract. A lacunary sequence is an increasing integer sequence θ = (k r ) such that k r − k r−1 → ∞ as r → ∞. In this article we introduce arithmetic statistically convergent sequence space ASC and lacunary arithmetic statistically convergent sequence space ASC θ and study some inclusion properties between the two spaces. Finally we introduce lacunary arithmetic statistical continuity and establish some interesting results.
Introduction
A sequence x = (x m ) is called arithmetically convergent if for each ε > 0 there is an integer n such that for every integer m we have x m − x m,n < ε, where the symbol m, n denotes the greatest common divisor of two integers m and n. We denote the sequence space of all arithmetic convergent sequence by AC. The idea of arithmetic convergence was introduced by W.H.Ruckle [1] . The studies on arithmetic convergence and related results can be found in [1, 12, 13, 14, 15] .
By a lacunary sequence we mean an increasing integer sequence θ = (k r ) such that h r = k r − k r−1 → ∞ as r → ∞. In this paper the intervals determined by θ will be denoted by I r = (k r−1 , k r ] and also the ratio kr k r−1 , r ≥ 1, k 0 = 0 will be denoted by q r .
The space of lacunary convergent sequence N θ was defined by Freedman [2] as follows:
N θ = x = (x m ) ∈ w : lim r→∞ 1 h r m∈Ir |x m − l| = 0 for some l .
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The space N θ is a BK-space with the norm
The notion of lacunary convergence has been investigated by Ç olak [5] , Fridy and Orhan [3, 4] , Tripathy and Et [6] and many others in the recent past.
The concept of statistical convergence was introduced by Fast [9] and later on it was further investigated from the sequence space point of view and linked with summability theory by Fridy [7] , Connor [8] , Fridy and Orhan [4] ,Šalát [10] and many other authors.
A sequence x = (x m ) is said to be statistically convergent to the number L if for every
where the vertical bars indicate the number of elements in the enclosed set.
The main purpose of this paper is to introduce arithmetic statistical convergence and lacunary arithmetic statistical convergence and to study some inclusion properties between these spaces. We also establish some sequential properties of lacunary arithmetic statistical continuity.
Main Results
A sequence x = (x m ) is said to be arithmetic statistically convergent if for ε > 0, there is an integer n such that
We shall use ASC to denote the set of all arithmetic statistical convergent sequences.
Thus for ε > 0 and integer n ASC = (x m ) : lim
We shall write ASC − lim x m = x m,n to denote the sequence (x m ) is arithmetic statistically convergent to x m,n .
Theorem 2.1. Let x = (x m ) and y = (y m ) be two sequences.
Proof. (i). The result is obvious when c = 0. Suppose c = 0, then for integer n
which yields the result.
The result of (ii) follows from
Now we define a related concept of convergence in which the set {m : m ≤ t} is replaced by the set {m : k r−1 ≤ m ≤ k r } , for some lacunary sequence (k r ). We shall write
We shall use ASC θ − lim x m = x m,n to denote the sequence (x m ) is lacunary arithmetic statistically convergent to x m,n .
Theorem 2.2. Let x = (x m ) and y = (y m ) be two sequences.
Definition 2.
[2] Let θ = (k r ) be a lacunary sequence. A lacunary refinement of θ is a
is a lacunary refinement of a lacunary sequence θ = (k r ) and
Proof. Suppose for each I r of θ contains the point (k
be the sequence of interval (I * r,t ) ordered by increasing right end points. Since (x m ) ∈ ASC θ ′ , then for each ε > 0 and an integer n
is a lacunary refinement of a lacunary sequence θ = (k r ).
Let I r = (k r−1 , k r ] and J r = (l r−1 , l r ] , r = 1, 2, . . . If there exists δ > 0 such that
Proof. For any ε > 0 and integer n and every J j , we can find I i such that J j ⊆ I i , then we have
which yields the result. 
Proof. Let α = β ∪ θ. Then α is a lacunary refinement of θ. The interval sequence of α is {I ij = I i ∩ I j : I ij = φ} . Using theorem 2.4 and the condition
Since α is a lacunary refinement of the lacunary sequence β, from theorem 2.3, we have (
There is a strong connection between the sequence space ASC and ASC θ . Now we give some inclusion relations between the spaces ASC and ASC θ .
Theorem 2.6. Let θ = (k r ), r = 1, 2, 3, . . . be a lacunary sequence. If lim inf q r > 1, then
Proof. Let (x m ) ∈ ASC and lim inf q r > 1. Then there exists σ > 0 such that q r = kr k r−1 ≥ 1 + σ for sufficiently large r, which implies that
Then, for sufficiently large r and integer n,
Theorem 2.7. For lim sup q r < ∞, we have ASC θ ⊆ ASC.
Proof. Let lim sup q r < ∞ then there exists K > 0 such that q r < K for every r. Let τ r = m ∈ I r : x m − x m,n ≥ ε where n is an integer. Now for ε > 0 and (x m ) ∈ ASC θ there exists R such that τ r h r < ε for every r ≥ R.
Let M = max {τ r : 1 ≤ r ≤ R} and let t be any integer with k r ≥ t ≥ k r−1 . Then for an
which yields (x m ) ∈ ASC.
Corollary 2.8. From Theorem 2.6 and Theorem 2.7, if θ = (k r ) be a lacunary sequence and if
In [11] , Yaying and Hazarika introduced lacunary arithmetic convergent sequence space AC θ as follows:
h r m∈Ir x m − x m,n = 0 for an integer n .
We give some relation between the spaces AC θ and ASC θ .
Theorem 2.9. Let θ = (k r ) be a lacunary sequence; then if
Proof. Let (x m ) ∈ AC θ and ε > 0. We can write, for an integer n
≥ ε m ∈ I r : x m − x m,n ≥ ε which gives the result.
Lacunary Arithmetic Statistical Continuity
In this section we shall introduce lacunary arithmetic statistical continuity and establish some interesting results.
Definition 3. A function f defined on a subset E of R is said to be lacunary arithmetic statistical continuous if it preserves lacunary arithmetic statistical convergence i.e. if
We shall write ASC θ continuous function to denote lacunary arithmetic statistical continuous function.
It is easy to see that the sum and the difference of two ASC θ continuous functions is ASC θ continuous. Also the composition of two ASC θ continuous functions is again ASC θ continuous. In the classical case, it is known that the uniform limit of sequentially continuous function is sequentially continuous, now we see that the uniform limit of ASC θ continuous functions is also ASC θ continuous. Thus f is ASC θ continuous.
Theorem 3.2. The set of all ASC θ continuous functions defined on a subset E of R is a closed subset of all continuous function on E, i.e. ASC θ (E)=ASC θ (E), where ASC θ (E)
